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$\mathrm{K}$ $F(x, u_{1}, \ldots, u\ell)$ $\mathrm{K}$ $\overline{\mathrm{K}}$ $\mathrm{K}$ $(s_{1}, \ldots, s_{\ell})$
Henset
Hensel $F(x, s_{1}, \ldots, s\ell)$ $(s_{1}, \ldots, s\ell)$ Hensel
$F(x,u_{1},$ $\ldots$






$\llcorner$ ([GCL92] ba $d$-zero problem )
Hensel 2 1989 Kuo $[\mathrm{K}\mathrm{u}\mathrm{o}89]_{\text{ }}$
$\llcorner$ 1993 Sasaki $\text{ }$ Kako $[\mathrm{S}\mathrm{K}99]_{\text{ }}$ Sasaki Kako Hensel
Sasaki Inaba Sasaki-Kako
Hensel ( $[\mathrm{S}\mathrm{I}00_{1}^{\rceil}$ )
$[\mathrm{I}\mathrm{n}\mathrm{a}04]$ $\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}^{1}1$
2 Hensel ( [SK99], $[\mathrm{S}\mathrm{I}00]$ )
3 [Ina04] $\acute{\text{ }}$ 4
Hensel Hensel
2 Hensel
$\mathrm{K}$ $\overline{\mathrm{K}}$ $\mathrm{K}$ $\mathrm{K}[u_{1}, \ldots, u\ell],$ $\mathrm{K}(u_{1}, \ldots, u_{l})$ $\mathrm{K}\{u_{1}$ ,-. . , $u_{l}\}$ $\mathrm{K}$
$u_{1},$ $\ldots,$
$u_{\ell}$
$(s_{1)}\ldots, s\ell)\in\overline{\mathrm{K}}^{\ell}$ $(u_{1}, . . . , u\ell)$
($s_{1},$ $\ldots$ , s (u) (s) $F(x,u)\in \mathrm{K}[x,u]$ ( )
( )




$\deg(F),$ $1\mathrm{c}(F)$ $F$ $x$ $\mathrm{t}\deg(f_{i})$ $u_{1},$ $\ldots,$ $u_{l}$
( $f_{i}$ $T=cu_{1}^{e_{1}}\cdots u_{\mathit{1}}^{e_{\ell}}(\mathrm{c}\neq 0)$ $\mathrm{t}\deg(T)=e_{1}+\cdots+e_{l}$ )
$\mathrm{o}\mathrm{r}\mathrm{d}(f_{i})$ $fi$ $f(u)/g(u)$
$\mathrm{o}\mathrm{r}\mathrm{d}(f/g)=\mathrm{o}\mathrm{r}\mathrm{d}(f)-\circ \mathrm{r}\mathrm{d}(g)$ g.cd(F, $G$) $F$ $G$













$\ldots$ , ( $u_{i}\mapsto t^{\omega_{i}}u_{i}(i=$
$1,$
$\ldots,$
$\ell)_{\backslash }$ ( $\omega_{1},$ $\ldots,\omega_{\ell}$ ) ) $\hat{F}(x,t, u)$
2 $(F(x, u)$ Newton $L$ Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u))$
0 $\hat{F}$( $X_{\}}$ $u$) $\mathrm{c}x^{i}t^{j}u_{1}^{j_{1}}\cdots u_{f}^{j_{\ell}}(\mathrm{c}\in \mathrm{K}, j=j_{1}+\cdots+j_{l})$ $(i, j)$ ( $e_{x}$ , et)f
$l/=\mathrm{o}\mathrm{r}\mathrm{d}(h)$ $(n, \iota/)$ ( 1 $P$ ) ( $e_{x}$ , e’)k
$F(x, u)$ Newton ($L$ ) $\mathcal{L}_{\mathrm{N}\mathrm{e}\mathrm{w}}$
$F(x, u)$ Newton $(F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)$ )
1
$F$ $e_{t}$













$F$ ( $x$ , u)\equiv G1( ) $(x, u)\cdots$ G( ) $\langle^{x,u)}$’ $(\mathrm{m}\mathrm{o}\mathrm{d} I_{k+1})$ . (3)
Hensel I\sim $k=0\Rightarrow 1\Rightarrow 2\Rightarrow\cdots$
$\mathcal{L}_{k}$ $\mathcal{L}$
3 $(G(x, u)$ Newton )
$G(x, u)\in\overline{\mathrm{K}}\{(u)\}[x]$ $G$ ($x,$ tu) $cx^{\mathrm{i}}t^{i}u_{1}^{j_{1}}\cdots u_{t}^{j\ell}/D(tu)(c\in\overline{\mathrm{K}},$ $j=j_{1}+\cdots$ $j_{\ell},$ $D(u)$ $\circ \mathrm{r}\mathrm{d}(D)=d$
$u_{1)}\ldots,u_{\ell}$ ) $(i, j-d)$ (ex\sim t)fi $G(x, u)$
Newton $N$ $S_{1,\}}\ldots S_{\rho}$
12
Newton $s_{1}$ 2 1
Newton 2 $S_{1},$ $S_{2}$ $e_{t}$
Newton 1 $\rho=1$ Hensel
$\mathrm{t}\mathrm{h}$ $1$
Hensel Hensel
$\rho>1$ $F(x, u)$ Newton $F_{\mathrm{S}}$,
( $n_{1}$ Fs )




eae lonool flX $\epsilon:\acute{\sqrt}\overline{\mathrm{T}}\grave{7}$ $F(x, u)$ -F $\text{ _{}0}$
$\mathrm{E}^{\iota\backslash }2$ : Newton $\mathscr{L}$$F\text{ }$
$F(x, u)=F_{2}(x, u)\cdot \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}(F_{S_{1}})G_{1}^{\langle\infty\rangle}(x, u)\cdots G_{r}^{(\infty)}(x, u)$ . (5)
. $F_{2}(x,u)$ $x^{n_{1}}$ Hensel $F_{2}(x, u)$ Hensel (Newton
$S_{2}$ ) Hensel $s_{1}\Rightarrow s_{2}\Rightarrow\cdots\Rightarrow S_{\rho}$ ( Hensel
HenseI $[\mathrm{S}\mathrm{I}00]$ Theorem 1( ) $\overline{\mathrm{K}}\{u\}[x]$ 6 $\overline{\mathrm{K}}\{(u)\}[x]$
$\overline{\mathrm{K}}\{(u)\}[x]$
$\overline{\mathrm{K}}\{u\}[x]$
1. $\mathrm{i}\in\{1, \ldots, \rho\}$ $s_{i}$ Hensel $d_{i}(u)$
$d_{i}(u)$ ( Hensel )














$F$ Newton 1 Hensel 1
Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}=x(x+3y)(x-6y+z)(x-7y)(x-2z)$ .
$G_{1}=x_{\rangle}G_{2}=x+3y,$ $G_{3}=x-6y+z,$ $G_{4}=x-7y)G_{5}=x-2z$ Hensel 3
13
Hensel
$G_{1}^{(3)}$ $=$ $x+ \frac{4y^{2}z^{3}}{7(6y-z)}$ ,
$G_{2}^{(3\rangle}$ $=$ $x+3y$ ,
$G_{3}^{(3)}$ $=$ $x-6y+z- \frac{4y^{3}z^{3}}{(6y-z)(y+z)}$ ,
$G_{4}^{\langle 3)}$ $=$ $x-7y+ \frac{4y^{2}z^{3}}{7(y+z)}$ ,
$G_{5}^{(3)}$ $=$ $x-2z$ .
$G_{1}^{\langle 3)}$ $G_{3}^{(3)}$ $4\grave{3}\mathrm{g}_{\mathrm{t}}^{\backslash }\text{ }$ $6y-z$ $G_{3}^{\langle 3)}$ $G_{4}^{(3)}$ $\text{ }y\dagger z$ $G_{1}^{(3)},$ $G_{3}^{(3)}$ ,
G4(3
$G_{1}^{(3)}G_{3}^{(3)}G_{4}^{(3)}\equiv x^{3}-13x^{2}y+x^{2}z$ \dagger $42xy^{2}-7xyz+4y^{3}z^{3}$ .
$G_{6}^{(3)}=x^{3}-13x^{2}y+x^{2}z+42xy^{2}-7xyz+4y^{3}z^{3}$ $\{G_{2}^{(3\rangle}, G_{5}^{(3)}, G_{6}^{(3)}\}$ Hensel 4
Hensel
$G_{2}^{(4)}$ $=$ $x+3y- \frac{3y^{3}z^{3}}{3y+2z}$ ,
$G_{5}^{(4)}$ $=$ $2z+ \frac{3y^{3}z^{3}}{3y+2z}$ ,
$G_{6}^{(4)}$ $=$ $x^{3}-13x^{2}y+x^{2}z+42xy^{2}-7xyz+4y^{3}z^{3}-8xy^{3}z^{3}$ .
$G_{2}^{(4)}$ $G_{\mathrm{S}}^{(4)}$ $3y+2z$ $G_{2}^{(4\}}$ $G_{5}^{(4)}$
$G_{2}^{(4)}G_{5}^{(4)}\equiv x^{2}+3xy-2xz-6yz+3y^{3}z^{3}$ .
$G_{7}^{(4)}=x^{2}+3xy-2xz-6yz+3y^{3}z^{3}$ $G_{6}^{\langle 4)}$ $G_{7}^{(4)}$ $F$ $\mathrm{Q}[x,$ $y,$ $z|$
32 Newton Hensel
2 $s_{1}\Rightarrow S_{2}\Rightarrow\cdots\Rightarrow s_{\rho}(s_{i}$ ($i=1$ , . . . , $\rho\rangle$ 2 ) Newton
Newton Hensel
Hensel
$(\mathrm{S}_{\rho}\Rightarrow S_{\rho-1}\Rightarrow\cdots\Rightarrow S_{1})$ Hensel
Hensel $F(x, u)$ $\mathrm{I}_{\mathrm{R}\mathrm{e}\mathrm{v}}$ Hensel
$\mathcal{T}_{\mathrm{R}\mathrm{e}\mathrm{v}}^{-1}$ Hensel ( $[\mathrm{S}\mathrm{I}00]$ )o
$\mathcal{T}_{\mathrm{R}\mathrm{e}\mathrm{v}}$ : $F(x,u)-,$ $x^{\deg(F)}F(1/x, u)$ . (6)
$\rho=2$ Hensel $(S_{1}\Rightarrow S_{2})$
$F(x,u)=G_{0}^{(\infty)}(x, u)\cdot G_{1}^{\{\infty)}(x,u)\cdots G_{\tau}^{(\infty)}(x,u)$ . (7)
Hensel $(S_{2}\Rightarrow s_{1})$ Hensel $F(x, u)$ (6)
$\mathrm{I}_{\mathrm{R}\mathrm{e}\mathrm{v}}$
$\tilde{F}(x, u)=\mathcal{T}_{\mathrm{R}\mathrm{e}\mathrm{v}}F$ $\tilde{F}(x, u)$ Newton $s_{2}$
Newton $\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $\mathrm{K}[x, u]$
$\{$
$\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)=\overline{H}_{0}(x, u)\cdot\tilde{H}_{1}(x, u)\cdots\tilde{H}_{5}(x, u)$, (8)
$\tilde{H}_{0}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}(\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}})x^{n-n_{0}}$ , $\mathrm{g}\mathrm{c}\mathrm{d}(H_{i}, H_{j})=1(\forall \mathrm{i}\neq j)$ .
$s=1$ $G_{0}^{(\infty)}(x, u)$ $F(x,u)$ $\rho=1$ $s\geq 2$
$\tilde{F}$ Hensel
$\tilde{F}(x, u)=\tilde{H}_{0}^{\langle\infty)}(x,u)\cdot\tilde{H}_{1}^{\langle\infty)}(x, u)\cdots\tilde{H}_{S}^{\langle\infty)}(x,u)$. (9)
14
$i=1,$ $\ldots,$ $s$ $\overline{H}_{i}^{\langle\varpi)}=\mathrm{I}_{\mathrm{R}\text{ }\mathrm{v}}^{-1}\tilde{H}_{i}^{(\infty)}$ $[\mathrm{S}\mathrm{I}00]$ Theorem 2 $\mathrm{K}\{(u)\}$
.
{ $G_{0}^{(\infty)}\text{ }$ Hensel& }\Leftrightarrow {H-l
$\{$ \infty $\rangle$ , . . . , $\overline{H}_{s}^{(\varpi)}\}$ ,
$\overline{H}_{i}^{(\infty)}(\mathrm{i}=1, \ldots, s)$ $1\mathrm{c}(G_{0}^{(\infty)})$
$1\mathrm{c}(G_{0}^{(\infty)})/1\mathrm{c}(\overline{H}_{i}^{(\infty\rangle})$ $\overline{H}_{i}^{(\infty)}$ Hensel $H_{i}^{\langle\infty)}(i=1, \ldots , s)$






$F$ Newton 2 $s_{1}$ Newton Newrton $F_{\mathrm{N}\text{ }\mathrm{w}}$
$F_{\mathrm{b}i\mathrm{e}\mathrm{w}}=x^{4}(y^{2}-z^{2})+x^{3}(y+3z)-2x^{2}=x^{2}\cdot \mathrm{i}x(y+z)-1]\cdot[x(y-z)+2]$ .
$G_{0}=x^{2},$ $G_{1}=x(y+z)$ –1, $G_{2}=x(y - z)+2$ Hensel 2
Hensel
$G_{0}^{\langle 2)}$ $=x^{2}+x(5y/2+33y^{2}/4-5yz/2+5z^{2}/2\rangle-3y^{2}/2$ ,
$G_{1}^{(\mathrm{z})}=x(y+z)-1+2y-z-3y^{2}-3yz$ ,
$G_{2}^{(2)}$ $=x(y-z)+2+y+2z+y^{2}/2-yz/2$ .








$=$ $3x^{4}y^{2}-5x^{3}y-2x^{2}=x^{2}\cdot(3xy+1)$ . (xy-2).
$\overline{H}_{1}^{\langle 2)}$ $=x(1-2y+z+3y^{2}+3yz\rangle$ \dagger $3y+y^{2}-yz+2z^{2}$ ,
$\overline{H}_{2}^{(2\}}$ $=x(-\cdot 2-y-2z-y^{2}/2+yz/2)+y-2y^{2}-2yz-z^{2}$ .
$\vee$. $G_{0}^{(2)}$ 1 $\overline{H}_{i}^{(2)}(i=1,2)$ 1
$\overline{H}_{i}$ $\mathrm{I}\mathrm{c}(\overline{H}_{j})$ ( )
$H_{1}^{(2)}$ $\Leftarrow$ $\overline{H}_{1}^{(2)}/1\mathrm{c}(\overline{H}_{1}^{(2)})\equiv x+3y+7y^{2}-4yz+2z^{2}$ ,
$H_{2}^{(2)}$ $\Leftarrow$ $\overline{H}_{2}^{(2)}/1\mathrm{c}(\overline{H}_{2}^{\langle 2)})\equiv x-y/2+z/2+5y^{2}/4+3yz/2$.
Hensel $F$ $G_{i}^{(2)}H_{i}^{(2)}\langle i=1,2$ ) $F$
$G_{\mathrm{i}}^{\langle 2)}H_{1}^{(2\}}$
$\equiv$ $x^{2}y+x^{2}z+2xy-xz-x-y^{2}+yz-3y-2z^{2}$ ,




2 Henset. method $\mathrm{H}$
Hensel Hensel
1. method $\mathrm{W}$
method $\mathrm{H}$ Hensel Wang [Wan77] Hensel
$\sim \mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{E}$
Hensel
$x,$ $y,$ $z$ ( $x$ ) 3 methods $\mathrm{H},$ $\mathrm{W}$
$y,$ $z$
Hensel rnethod $\mathrm{H},$ $\mathrm{W}$ $\mathrm{t}\deg_{y,z}(F)/2$ method $\mathrm{E}$
Newton 1 $\mathrm{t}\deg_{y,z}(\tilde{F})/2$ $\tilde{F}$ $F\mathrm{x}[G_{0},$ $\ldots,$ $G_{r}$ $1\mathrm{c}(F)$
$1\mathrm{c}(F)$ ( $[\mathrm{l}\mathrm{n}\mathrm{a}04]$ , [Ina05] ) $]$
os Linux 2.4.22
CPU AMD Athlon(tm) XP $1900+(1.60\mathrm{G}\mathrm{H}\mathrm{z})$
Memory 1.00 Gbyte
Library GAL(General Algebraic Language)
1
$P_{k}$ $=$ [ $x^{2}y^{2}z+x$ (yk+zk)+3y+3z-3z2-2 /2zk/21
$\cross$ $[ x^{3}y^{2}z^{2}+x(y^{k}+z^{k})-2y-5z+4y^{2}+3y^{k/2}z^{k/2} ]$ .
$k$ $P_{k}$ $y,$ $z$
$k$
$k=10\Rightarrow 20\Rightarrow\cdots\Rightarrow 50$ 1 $T_{H},$ $T_{W},$ $T_{E}$ methods $\mathrm{H},$ $\mathrm{W},$ $\mathrm{E}$
2 $T_{H}/T_{E},$ $T_{W}/T_{E}$ $T_{E}$ $\tau_{H},$ $\tau_{W}$
1:Plo\sim P5
method $\mathrm{E}$ $k$ 2 $k$ Hensel
($k=50$ 250 )
method $\mathrm{E}$
2 [Hensel ]>[ ]
$Q_{k}$ $=$ $[(x(y^{3}+2z^{3})+5yz)(x(y+4z)+2)+(2x-7)(y^{k}z^{k}-y^{k-1}z^{k-1})]$
$>i$ $[(x(3y^{3}+4z^{3})+3yz\rangle(x(y[perp]‘ 3z)+7)-(3x+5)(y^{k}z^{k}-y^{k-1}z^{k-1})]$.
method $\mathrm{H},$ $\mathrm{W}$ $(y, z)=(1,1)$ $Q_{k}$ Hensel 4
$k$ $=5\Rightarrow 6\Rightarrow\cdots\Rightarrow 15$. 2
16
2: $Q_{5}\sim Q_{15}$
2 $k$ method $\mathrm{E}$ 2
$Q_{k}$ $5\sim 40$ [Hensel ]>[ ]
method $\mathrm{H},$ $\mathrm{W}$ $k$ method $\mathrm{E}$ 31
Hensel
3
Newton 2 ( 2 $\rho=2$) 4 10
$H_{1},$
$\ldots$ , $H_{10}$ 3 $y,$ $z$






$10\sim 30$ method $\mathrm{E}$ Hensel









2, $7_{\Pi \mathrm{p}}^{\mathrm{g}}$ Newton [$\mathrm{S}\mathrm{K}99|$
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